RESOLUTION OF UNMIXED BIPARTITE GRAPHS 



FATEMEH MOHAMMADI AND SOMAYEH MORADI 

Abstract. For an unmixed bipartite graph G we consider the lattice of ver- 
tex covers Cg and compute depth, projective dimension and extremal Bctti- 
numbers of R/I{G) in terms of this lattice. 



Introduction 

In recent years edge ideals of graphs have been intensively studied. One central 
question in this context is when the edge ideal is Cohen-Macaulay. In the case of 
chordal graphs and bipartite graphs a nice and complete answer is known, see [6] 
and [7]. In particular, in these cases one knows the projective dimension of the 
edge ideal. For bipartite Cohen-Macaulay graphs the Cohen-Macaulay type is also 
known. There are also several papers in which the regularity of edge ideals has been 
studied, (see [2], [3], [H]). It is impossible to classify all Cohen-Macaulay graphs 
or to give uniform formulas for the projective dimension or the regularity for all 
graphs. Nevertheless there are interesting classes of graphs where the homological 
data of the edge ideals can be described. In this paper we consider unmixed bipartite 
graphs and study the resolution of their edge ideals. 

To be more specific, let G be a finite graph with vertex set V{G) = {vi, . . . , Vn} 
and edge set E{G). Throughout we assume that G has no isolated vertices. The 
graph G is called bipartite, if V{G) = X U F with X r\Y = $ such that E{G) C 
XxY. 

A vertex cover of G is a subset G of V{G) such that each edge has at least one 
vertex in G. A minimal vertex cover G of G is a vertex cover such that no proper 
subset of G is a vertex cover of G. The graph G is called unmixed if all its minimal 
vertex covers are of the same cardinality. 

Let G be an unmixed bipartite graph with vertex set V{G) = {xi, . . . ,a;„} U 
{yi, . . . ,?;m}- Since G is unmixed, it follows that n = m. For any unmixed bi- 
partite graph there is a perfect matching, see [lOj . Therefore we may assume that 
{xi,yi\ is an edge of G for all i. So each minimal vertex cover of G is of the 
form {xi^ , . . . , , Ui^^i , . . . , }, where {ii, . . . , z„} = [n] . For any minimal vertex 
cover G of G let G = G n {xi, . . . Let Bn be the Boolean lattice on the set 

{xi, . . . , a;„}. In [S] it is shown that for any unmixed bipartite graph G, the subset 

Cg = {G : G is a minimal vertex cover of G} C {xi, . . . , a;„} 

is a sublatticc of Bn which contains and A, and for any such sublattice C of 
there exists an unmixed bipartite graph G such that C = Cq. In our description 
of the resolution of the edge ideal of an unmixed bipartite graph, we use in a 
substantial way this characterization of such graphs in terms of their vertex cover 
lattices. 



1991 Mathematics Subject Classification. 13D02, 13P10, 13D40, 13A02. 



2 



FATEMEH MOHAMMADI AND SOMAYEH MORADI 



In the following let Cq be a sublatticc of the Boolean lattice Bn corresponding 
to the unmixed bipartite graph G. Therefore A and V in Lg are just taking the 
intersection and union. Attached to the lattice Lq is a monomial ideal Uca in 
the polynomial ring K\x\, . . . , yi, . . . , defined as follows: for each element 
p e £g, let Up = XpY[n]\p, where Xp = Uiep^i and Y[,,]\p ^ l\je[n]\pyr Then 
Hcg is generated by the monomials Up, p G Cq- The edge ideal /(G) which we are 
interested in is just the Alexander dual of ■ Thus we may apply the Bayer- 
Charalambous-Popescu theory [H Theorem 2.8] which relates the multigraded ex- 
tremal Bctti- numbers of Hcq and I{G). 

In Section 1 we describe the multigraded minimal free resolution of the monomial 
ideal Hcq- In fact, the resolution we describe in Theorem 11.21 is a variation of the 
resolution of Hibi ideals of meet-distributive semilattices, given in [71, Theorem 2.1]. 
In Theorem 11.31 we also describe the differentials of this resolution. This informa- 
tion is not needed later. More important is the fact, that the multigraded basis 
elements of the resolution, can be identified with the Boolean sublattices of Cg, 
see Proposition 11.41 Having this identification, it turns out that the multigraded 
extremal Betti- numbers correspond to the maximal Boolean sublattices of Cg- In 
Section 2 we use Alexander duality and Theorem in [1] to obtain the multigraded 
extremal Betti-numbers of I{G). With this information at hand, we can express the 
depth and regularity of R/I{G) in terms of the lattice Cgi see Corollary II. 61 As a 
further corollary we obtain a lower bound for the last nonzero total Betti-number of 
R/I{G). We do not know of any example where this lower is not achieved. It would 
be always achieved if one could prove the following: all nonzero multigraded Betti- 
number in the last step of the resolution are extremal (in the multigraded sense). 
There is a simple argument, given in the proof of Proposition I l.lOl that whenever / 
is monomial Cohen-Macaulay ideal, then all multigraded extremal Betti-numbers 
appear at the end of the resolution of /. 

After having finished the paper. Professor Herzog informed us that Kummini in 
his thesis and in a preprint paper has also computed the depth and regularity of 
unmixed bipartite graphs, see His approach and the terms in which he expresses 
these invariants differ from ours. 

1. Minimal Free Resolution of Cg 

The purpose of this section it to construct a resolution of the ideal Hcq which 
is a modification of the resolution given [71 Theorem 2.1] adopted to our situation. 
The differences between our resolution and the one given in [J arises from the fact 
that the lattices under consideration are differently embedded into Boolean lattice. 
This fact is important, because the multidegrees of the resolution depends on the 
embedding. 

In order to guarantee the minimality of the resolution which we are going to 
describe we need the following result. 

Lemma 1.1. Let p G Cg- For any two distinct subsets S,S' C N(jj), we have 
A{q;qeS}^A{q;qeS'}. 

Proof. Let S, S' C N{p) be distinct subsets. One can assume that S ^ S'. Let qi G 
5' \ S'- If A{q; q€S} = A{g; q G S"}, then {A{q; q e S}) W qi ^ (A{g; q G S'}) V qi. 
Since Cg is distributive A{{q V qi;q G S}) = A{{q V qi;q e S'}). For any q G S", 
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qy qi = p, therefore A{{q V gi; g £ S'}) ~ p. But then A{{q V qi;q G S}) ~ qi, a 
contradiction. □ 

From the above lemma it is easy to see that for any subsets S and S' of N{p) 
with S C S", we have |S"| - \S\ < \ A {q;q e S}\ - \ A {q;q e S'}\. In the foUowing 
we denote by and 1 the minimal and maximal clement of Cg- For any p G £, 
rank of p which is denoted by rank(p), is the maximal length of chains descending 
from p. We extend the partial rank order on Cg to a total order ^. 

Theorem 1.2. There exists a minimal multigraded free resolutionW of Hc^ such 
that for each i >0, the free module F,; has a basis with basis elements h{p] S), where 
p 6 Cg and S is a subset of the set of lower neighbors N(p) of p with \S\ ~ i and 
multidegree of b{p; S) is the least common multiple of Up and all Uq with q £ S. 

Proof. The construction of resolution is as in the proof of [71 Theorem 2.1] by 
mapping cone. For any p G Cg we construct inductively a complex ¥{p) which is a 
multigraded free resolution of the ideal Hcdp) = {uq; q ^ p). The complex F(0) is 
defined as Fi(0) = for i > and Fo(6) = S. Now, let p E Cg and q G Cg, q < P 
be the element preceding p. Then Hcdp) = {Hca{q),Up), and hence we have the 
exact sequence of multigraded S'-modules 

— . {S/L){- mvltidcgup) S/Hcaiq) S/Hca{p) 0, 

where L is the colon ideal Hcdq) ■ Up. Let Uqi/[uqi,Up\ G L, where q' < q and let 
t G [q' Aq,p\ r\N{p). Then Ut/[ut,Up] divides M,'Ap/[wg'Ap, Wp] and Uq'Ap/[ug'Ap, "p] 
divides u^/[u^,Up]. Therefore we have L = ({ut/[ut, Mp]}tg7v(p))- 

Let T be the Taylor complex associated with the sequence ut/[ut, Up], t G N{p), 
where the order of the sequence is given by the order -< on the elements of L. 
Then Ti has a basis with elements A A • • • A Ct^, where ti ~< t2 < ■ ■ ■ < ti. 
The multidegree of et^ A A • • • A et^ is the least common multiple of the ele- 
ments utj/[utj,Up\ for j ~ The shifted complex T(— multideg(up)) is a 
multigraded free resolution of (S'/i)(— multideg(wp)). Let b{p;ti, . . . ,ti) be ba- 
sis element of Ti(— multideg(up)) corresponding to A A •■• A et^. Then 
multideg(6(p; ii, . . . , ti))=multideg(up)+multideg (etj Aet^A- ■ -ActJ = lcm{up,uti, 
...,ut-). This resolution is minimal since for any ti -< t2 -< ■■■ -< ti we have 
Zcm(/i, . . . , fi)/lcm{fi, . . . , /j, . . . , /i) = >"p\/\;^^ t^/Fp^/^.^^^^^. ^ 1. 

The monomorphism (S'/L)(— multideg(Mp)) — > S/Hcdq) induces a comparison 
map a : T(— multideg(up)) — > F(g) of multigraded complexes. Let F(p) be the 
mapping cone of a. Then F(p) is a multigraded free S'-resolution of Hcq (p) with 
the desired multigraded basis. 

We claim that this resolution is minimal. For any two basis elements b{p; S) 
and b{q;T) with \T\ ^ \S\ - 1. We show that the coefficient of b{q;T) in dblp; S) 
is either zero or a monomial ^ 1. First assume that p = q. If T C S, then 
the coefficient is multideg(6(p; 5))/ multideg(&(p, T)) = Ya, where A = A{r;r G 
T} \ A{r; r G 5*}. Since A is a nonempty set by Lemma [TTl then Ya I- If T ^ S 
and multideg(6(p;r)) divides multideg(&(p; 5*)), then A{r;r G 5'} < A{r;r G T}. 
Therefore A{r;r G N{p)} = A{r;r G N{p) \ {T \ S)}, which is a contradiction by 
Lemms tm Now, assume that q < p- If multideg(6((jf; T)) divides multideg(6(p; 5*)), 
then the coefficient is Xp\qYB for some set B C [n] and so it is not 1. In the 
remaining case q ^ p, multideg(6(q; T)) does not divide multideg(6(p; S)). □ 
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In the following theorem we describe the maps in the resolution of Theorem 1 1.21 
These information is just for curiosity and is not needed to get the results which 
come after. Before describing the maps in the resolution we fix some notation. For 
a subset S C Co and g G 5* let a{q;S) — \{r € S;r -< q}\. Let Xp\g = Yiiep\q^i 
andFs, =ae(A,,,,,,,.)\,y.- 

Theorem 1.3. For any p E Cg and S C N{p) we have 

d{b{p; S)) = ^(-l)^('^^n>^S,fe(p; S \ {q}) - Xp\,b{q; q A {S \ {q}))). 

Proof. First we remind that for any and qj in N{p) we have qiAqj G N{qi), since 
[qiAqj , p] is isomorphic to a Boolean lattice of rank two. Then we have qA{S\{q}) C 
N{q). We have multideg(6(p; 5)) = XpY[„]y(A^g^, r) and multideg(&(p; 5* \ {q})) = 

^p^N\(A.es\,'-)- ^1^°' ^ Ares^}\{*;* i AresXq^} = ^ Ares\9^\9} 
shows that yin]\i/\^^g r)/y[n]\{A,esy, r) = ^s, and so muhideg(6(g; g A (5* \ {g}))) = 
^9^N\A.es\,(9Ar) = -'^«^[n]\A,es =™iiltideg(&(p; S'))/Xp\g. Therefore, 9 is a 
multi-homogeneous differential. Consider the mapping cone constructed in Theo- 
rem [T|2l The differential given by that mapping cone is 

^^ = {^J + {-iya,,d^l\^) fordH. 

Comparing this equation with d which is defined in theorem it is enough to show 
that for any S C N{p) we have: 

(i) d'^{b{p;S)) ^ ^^g5(-l)'"('?^'^'ys,&(p;'S'\{g}), which is exactly the definition 
of Taylor complex. 

(ii) We can choose a such that 

i-iyaMP: S)) = - ^(-l)-(^'^)X,\,fe(g; qAS\ {q}). 
qes 

We show that a : C —> ¥{q) is a complex homomorphism. So it is enough to 
show that for any b{p; S) G 

df^''^a.{b{p;S))=a,.^dJ{b{p;S)). 
First we compute the left side of the above equation. Then we have 

(1) af (^)a.(&b; s)) = (-1)^+1 Eqesi-^r^'-''^Xp\,df^'\Hq; <? a (5 \ {q}))). 
By induction hypothesis we have: 

(2) 9f^)(6(g;gA(5\M))) = 5] (-ir(^-^\^'^»r(,^5w6(q;gA(5\{9,g'})) 

g'es\q 

- A q'; q' A [{q A {S \ {q}) \ {q, q'}])). 

Since qV q' = p for any q^q' G N{p) we have q \ {q A q') = p \ q' ■ Also from 

Ar6S\{g,g'} = AreS\{q'} \U^<l'} = AreS\{q'} W) ^CC that >"(9AS),,,, = 

Ys ,. Considering these statements and substituting (2) in (1) we get 



(3) af(^)a.(&b;5)) = 
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On the other hand we have 

(4) a,-idj{b{p; S)) = (-l)-te^)r5,a.-i(6(p; S \ {q})) 

After substituting ai-i{b{p; S \ {q})) in (4) and using q \ {q A q') ~ p \ q' wc get 

(5) a..^dJ{b{p;S))^ 

i-^y^' E,,,'e5,,#,'(-l)"^^^^^+'^^^"^\^'»>^5,^pV6(g'; q'A{S\ {q, q'})). 

After exchanging q and q' we see that the equations (3) and (5) are equal, which 
completes the proof. □ 

The next observation is of crucial importance for understanding the i-extremal 
and extremal Betti-numbers of Hcq and I{G). 

Proposition 1.4. There is a correspondence between the basis elements b{p; S) and 
intervals in Cc, which are isomorphic to a Boolean lattice. 

Proof. For any basis element b{p;S), we show that the interval [A{q]q G S},p\ is 
isomorphic to B^g^. Let S = {qi, . . . , <?„} and Vi = A{q; q E S \ {qi}}- The interval 
[A{q; q G S},p] is a Boolean lattice on wi, . . . , w„. 

For any / G [A{q;q G S},p], let ii,...,ik be the indices that / < (j^., 1 < 
j < k. Then / < A{(?j^.;l < 3 < k}. li I ^ /\{qt,;l < 3 < k}, then there 
exists X G A{qij; I < j < k}\I. Since A{q;q G S} < I, there exists 1 < / < n, 
I ^ ii,. . . ,ik such that x ^ qi. But then x ^ I V qi = p, a contradiction. Thus 
/ = A{qi.; 1 < j < k} = \/{vj; 1 < j < n,j ^ ii,. . . ,ik}. Let $ be a function from 
the set of basis elements to intervals in Cq, which are isomorphic to a Boolean 
lattice such that ^{b{p; S)) = [A{q; q G S},p]. From Lemma [Ol we know that <t> is 
a monomorphism. For any interval [ J, /] in Cq isomorphic to a Boolean lattice, set 
S = N{I) A [J, I]. Then [J, /] = [A{q; q G S}, I] and $ is surjectivc. □ 

In the following we denote by Aq the set of elements p G Cq such that the 
interval [A{r;r G N{p)},p] is isomorphic to a maximal Boolean lattice in Cq- 

Lemma 1.5. Letp G Aq. For any q G Cq such that [A{r; r G N{q)}, q] C [A{r; r G 
N{p)},p], we have 

\q\ - \N{q)\ - I A {r; r G Niq)}\ < \p\ - \N{p)\ - | A {r; r G N{p)}\. 

Proof. Let [A{r; r G N{p)},p] be a Boolean lattice on the elements vi, . . . , Then 
\N{p)\ = n, \N{q)\ < n and Vi A Vj = A{r; r G N{p)} for any I < i < j < n. Also 
wi V • • ■ V u„ ~ p. Without loss of generality assume that g = wi V • ■ • V Vm for 
some m < n. Then \N{q)\ = m. We claim that for any I < i < n, there exists 
an element Xi G Vi such that Xi is not in any other Vj, 1 < j < n. Otherwise 
let 1 < I < n be such that for any x € Vi, there exists j ^ i with x G Vj. It 
means that u,; < A{r;r G A^(p)}, a contradiction. Thus \p\ — \q\ > n — m. Since 
I A {r; r G N{p)}\ < | A {r; r G N{q)}\, we get the inequality. □ 

As a first corollary we obtain 
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Corollary 1.6. Let G he an unmixed bipartite graph on [X,Y) such that \X\ = 
\Y\ = n and Aq C Cq be the set defined above. Then 

(i) deptli(i?//(G)) = n - maxp^Aa{\p\ " \Nip)\ - | A {r; r £ Nip)}\}; 

(ii) reg{R/I{G)) = maxp^^^ W{p)\. 

Proof. For any basis element b{p; S) in F|5| , one has multideg(fe(p; S)) ~ ^pyjn]\A{r;res} 
and so deg{b{p; S)) = \p\ + n — \ A {r;r G S}\. For 5 C N{p) from Lemma [TTT] we 
have I A {r;r G N{p)}\ + \N{p)\ < | A {r; r G S)}\ + \S\. Therefore by Lemma [T3] 

reg (Hca) =n + maXpeAG{\p\ ^ \N{p)\ - | A {r; r G N{p)}\}. 
Since reg(iJ£g) = pd{R/ 1(G)), from Auslander-Buchsbaum formula one has (i). 
The other statement is clear from Theorem II .21 □ 

Recall that a multigraded Betti-numbcr /3ij, is called i-extremal if (3i,c — for all 
c > b, that is all multigraded entries below b on the i-th column vanish in the Betti 
diagram as a Macaulay output [Mac]. Define (3i^b to be extremal if (3j^c = for all 
j > i, and c> b so \c\ — \b\ > j — i. In other words, Pi^b corresponds to the top left 
corner of a box of zeroes in the multigraded Betti diagram. A graded Betti-number 
(3i^r is called extremal if = for any j > i, I > r and I — r > j — i. In other 
words, /3i^r corresponds to the top left corner of a box of zeroes in the multigraded 
Betti diagram. 

Corollary 1.7. All multigraded Betti-numbers in homological degree i are i-extremal. 
A multigraded Betti-number (3i^b of Hcq is extremal if and only if there exists 
p G Aq such that i = |-/V(p)| and b = multideg(6(p; N{p))). 

Proof. Let b{p; S) and b{p'; S') be two basis elements of F.; such that multideg(&(p; S)) 
divides multideg(&(p'; S"))- Then p < p' and A{q;q G S'} < A{q;q G S} and 
IS"! = \S'\ = i. Therefore [A{q;q G 5*},^] C [A{q;q G S'},p']. Since both intervals 
are isomorphic to a Boolean lattice of rank i, one has p = p' and A{q;q G S} = 
A{q;q G S'}. Since S,S' C N{p) from Lemma Owe have S = 5'. Therefore all 
multigraded Betti-numbers in homological degree i are i-extremal. 

For any basis element b{p;S), multideg(6(p; 5)) = XpYj„]\A{g;9es}- Therefore 
multideg(6(p; 5')) divides multideg(6(p; A^(p))) and \N{p)\ - \S\ < \ A {q; q & S}\ - 
\ A {q;q G N{p)}\. Therefore Pi^b is extremal only if = multideg(p; A'^(p)) for 
some p G Cg- Let p and q be two elements of Cq and multideg(&(p; N{p))) divides 
multidcg(6((7; A^(q'))). Then p < q and A{r;r G N{q)} < A{r;r G N(j>)}. Therefore 
[A{r;r G N{p)},p] C [A{r;?- G N{q)},q]. Then P\N{p)\,b is extremal precisely when 
b = multidcg(6(p; N{p))), where [A{q; q G N{p)},p] is a maximal Boolean sublattice 
ofCc- □ 

The graded extremal Betti-numbers of R/I{G) can be seen from the lattice Cg- 
Indeed, the Betti-numbcr l3i,i+j for R/I{G) is extremal if and only if there exists 
p G Ag with \N{p)\ = j and n + \p\ - \N{p) \ — | A {r; r G N{p)}\ = i such that: 

(a) For any q G Aq with \N{q)\ > \N{p)\, one has 

|<Z| - |iV(<z)| - I A {r; r G N{q)}\ < \p\ - \N{p)\ - | A {r; r G N{p)}\. 

(b) For any q G Aq with \N{q)\ = \N{p)\, one has 

\q\-\A{r;r e N{q)}\ < \p\ ~ \ A {r;r G N{p)}\. 

This statement follows immediately from the definition of graded extremal Betti- 
numbers by using (TJ Theorem 2.8]. 
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Example 1.8. For any p e Cg let f{p) = \p\ - \N{p)\ - | A {r; r e N{p)}\. In 
the following lattice we have f{p) ~ 1 for p = {1,2,3}, p = {1,2,3,4} and p = 
{1, 2, 3, 4, 5, 6, 7} and f{p) = for p = {1, 2, 3, 5} and p ^ {1, 2, 3, 4, 5}. Therefore 
by the statement above, the extremal Betti-number of the unmixed bipartite graph 
corresponding to this lattice is Pi^i+j for i = 7 + /({I, 2, 3, 4}) = 7 + /({I, 2, 3}) = 8 
and j = 2 and Ps.iQ = 2. 

1234567 



125 




Figure 1 



As a final application we give a lower bound for the last nonzero total Betti- 
number of an unmixed bipartite graph. To describe the result, we introduce the set 
Bg C Ag consisting of all elements q such that \q\ — 1^^(9)1 — | A {r; r G N{q)}\ = 
maxpeAG{bl - \Nip)\ - \ A {r;r e N{p)}\}. 

For an i?-module M, let t{M) denotes the last nonzero total Betti-number of 
Al. Then we have the following corollary. 

Corollary 1.9. Let G he an unmixed bipartite graph. Then t{R/ I{G)) > \Bg\- 

Proof. Let p £ Bg and r = pd{R/I{G)). Then r = n + \p\ ~ \N{p)\ - | A {r; r G 
N(j))}\. Let b = h{p\N{p)), from P Theorem 2.8] we have l3r,b{R/ I{G)) = 
P\N{p)lb{Hca) = 1- Therefore T{R/I{G)) > \Bg\. ' □ 

We do not know of any example of a monomial ideal / of projective dimension 
r for which there exists a nonzero multigraded Betti-number f3r,b which is not 
extremal. If such ideals don't exist, at least among the edge ideals of unmixed 
bipartite graphs, then we would have equality in Proposition 1 1.91 

In general the multigraded extremal Betti-numbers of monomial ideal not only 
appear in the last step of the resolution. However we have 

Proposition 1.10. Let R ~ k[xi, . . . , a;„] for a field k and L a monomial ideal 
of R .such that R/I is a Cohen- Macaulay ring. Then for all multigraded extremal 
Betti-numbers j3i_b{R/I) we have i ~ pd(_R//). 

Proof. Assume that 

O^Fr^ ^F,+i^F,-^ >Fa~>R/I^O 

is a minimal graded free resolution of i?//, where r = pd(i?//) and ip be the function 
Fi+i Fi in the resolution. Let /3i,f,(i?//) be a multigraded extremal Betti-number 
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with i < pd(i?//) and e be the basis element in Fi with multidegree b. Then for any 
basis element g of -Fi+i the coeffieient of e in ip{g) is zero. Otherwise multideg(e) < 
multidcg((7) and g G -Fi+i but then (3i_i, is not extremal, a contradiction. This means 
that e* is a cycle in the resolution 

^ {R/iy- -^F* ^ — >F* ^F*_^^^ — >f; ^0, 

where F* = Roiiir{F^, R). Therefore Extj^(i?//, i?) 7^ 0. But we know that 
Extj^(i?//, i?) = for any j < r, a contradiction. □ 
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